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Thus
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and the local thermal entropy production on the wall is
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Introducing a wall local entropy production number,
II, = s, x¥/k, Eq. (31) may be arranged as
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With the definition of local Nusselt number
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Eq. (32) may finally be expressed as
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Concluding Remarks

The radiation-affected forced convection over a flat plate is
investigated in terms of thin gas. The distribution of entropy
production within and outside the radiation-affected thermal
boundary layer is evaluated. The retained nonlinearity of tem-
perature in the entropy production leads to an extremum in
this production within the boundary layer rather than on the
boundary.
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Attenuating Thin Gas
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Introduction

DERIVATION of the monochromatic intensity balance
(transfer equation) under the influence of emission, ab-
sorption, and scattering is available in the literature.!> The
following brief review is for later convenience.
The monochromatic transfer equation integrated over the
frequency domain gives '

Ij—(;ﬂ =kl + -~ § PULIIA) Y — BT 1)
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where I is the intensity, I, its equilibrium state, « the absorp-
tion coefficient, o, the scattering coefficient, 8=«+ 0o, the
extinction coefficient, @ the solid angle, and P(/,/})
the phase function that satisfies
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/; being the direction of the optical energy balance and /] the
direction of the scattering.

The first specular moment of Eq. (1) yields the radiative
energy balance
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where gf = §oll; dQ is the radiative heat flux in the x; direction,
E, =7, the equilibrium blackbody emissive power, and
J = {ol dQ the specular integrated intensity. In view of Eq. (2)
and

S E P(l},1)I 4 dQ = § H PULIDI dﬂ] Q' = 4xJ (4)
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Eq. (3) may be rearranged as

R
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The second specular moment of the transfer equation leads to
the radiative momentum balance
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where I1;; is related to the radiative stress 75 by

ol -‘

ij = ‘c' nIl,'lj dQ = E HU (7)
¢ being the velocity of light.
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In view of the nature of this study, consider a weighted
anisotropy for scattering:

j j P(l;,0)11; dQ’ dQ
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In terms of this anisotropy, Eq. (6) may be written as
all;
—a— = (a0, —B)gF &)
Xj

where a=0 corresponds to isotropic scattering and 0<=a=<1
to a degree of weighted anisotropic scattering. In terms of the
albedo of single scattering, w; =0;/8, Eq. (9) yields

1 oIl;
gf = -—= (10)
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is a parameter characterizing scattering. The complete deter-
mination of J, ¢f, and IL; requires another relation (the clo-
sure problem). An approximation for this relation is the as-
sumption of local thermodynamic equilibrium under which the
radiative stress is replaced by the radiative pressure p¥,

1
where 6;; =1if i =jand §;; =0 if  #/. Thus, in view of Eq. (7),
1
I = 5]6,»1- (11)

Then, the second moment in terms of Eq. (11) becomes
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The combination of Eqs. (5) and (12) and elimination of J
result in the radiative energy balance

OF
(V2~30,k%)qR = 4k —2 (13)
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For small values of «, in line with neglecting the term involving
«2, Eq. (13) reduces to its optically thin gas limit

i
%4f _ 4, (14)
0%;
In this equation, « corresponds to the Planck mean absorption
coefficient «p, defined by

xpE, = S k,Ep, dv (15)
(1}

where » is the frequency. Similarly, for large «, Eq. (13) re-
duces to its optically thick gas limit

1 9E,
R _ 1
e 3(»0:( ax; (16)

In this equation, « corresponds to the Rosseland mean absorp-
tion coefficient xz, defined by
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In terms of the mean absorption coefficient ki, = (kpg)”* and
the weighted nongrayness 5 = (kp/xg)"*, the radiative constitu-
tion becomes

0E,
(V2=30,8)gF = 4ana—x’_’ (18)

The incorporation of ky, and 5 into the formulation for arbi-
trary optical thickness can be found in Traugott,® Cogley et
al.,* Arpaci .and Gozum,* and Arpaci and Bayazitoglu.

Intermediate Behavior of the Attenuating Thin Gas

The optically thin and optically thick limits are simplifica-
tions based, respectively, on small and large optical thick-
nesses of the gas. The Rosseland approximation reduces radia-
tive transport in optically thick media to a diffusion problem,
and is developed in conjunction with astrophysical problems,
where boundaries either are absent or are not of prime con-
cern. An improved thick gas model including the effect of
boundaries was developed by Arpaci’ and Arpaci and Larsen.?
The thin gas approximation was developed by Cess,’ in con-
nection with boundary layer problems. However, both limits
follow lengthy mathematical approximation of some integral
exponentials. An intuitive physical approach leading to a sim-
ple order-of-magnitude shorter development than approaches
in the literature escaped the attention of previous studies. This
intuitive approach is the objective of the present paper.

The homogeneous solution to Eq. (18), in terms of
KE =N WoKpfs is .

aF = boe Ve (19)
for the radiative heat flux and

dgf

= bye~Vhex (20)
dx

H

for its gradient.

The nonhomogeneous solution for an optically thin gas,
obtained by neglecting the term involving «%,in Eq. (18), leads
to

dgf

=dnkyE, = b 21
dx NKME D 2 21

NH

The complete solution, obtained from the combination of Egs.
(20) and (21), is
d R

+ by + be~Vex 22
dx

Noting that as x — o0, Ej —E),, and dq /dx—»O one finds
that b, = —4nkpEpe and

dgf
dx

= dnip(Ep — Epoo) + bye ~V3ex ©3)

Near boundaries, the intermediate gas flux reduces to the well-
known thin gas flux,°
d R

dx 477KM[ (Ep —Epe) —— (Ebw —Eboo)] @4

where E,,, is the wall emissive power and ¢,, is the wall emissiv-
ity. Evaluating Eq. (23) on the wall and equating to Eq. (24),
one finds that

Ew
by = —dnir = (Epy — Eper)

and, subsequently, the constitutive relation for ¢X is

dgf
dx

= 4?1KM[(Eb ~Epe) — %w (Epw — Epe)e V3 "] 25
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where the first emissive power difference shows the effect of
the gas and the second emissive power difference denotes the
attenuating wall effect discussed in Troy. 11 A special case of
this result for negligible scattering has been obtained by Lord
and Arpaci,'? following an elaborate mathematical develop-
ment based on an approximation of the integral formulation
of radiation. Far from boundaries, the thin gas flux [Eq. (24)]
leads to an erroneoiis finite flux and is not suitable for studies
involving semi-infinite geometry.

In the absence of conduction, there eXists a temperature
jump between the wall and the gas immediately next to he wall.
The radiative heat flux (or its gradient) is linearly related to the
emissive power [see, for example, Eq. (18)], and the principle
of superposition applies in terms of E,. Therefore, one can
write the heat flux gradiént, for the thin gas, as

R 1 R R R
dgf _ <di> . <d_q_> N <di> 6)
dx dx gas dx jump dx gas at wall

in which (dg® /dX)gas denotes the contribution to the differ-
ence in radiation between each local element of gas and the gas
at infinity, (dgR /dx)jump arises from the temperature differ-
erice associated with the jump, and (dgX /dX)gas at wan arises
from the temperature difference between the gas at the wall
and the gas far from the wall. It can be shown in a manner
similar to the development leading to Eq. (25) that

d
o _ 4n~MI(Eb -E)-5 | (En-E0)
+ (B> —Ebw)] e -ﬁwf} @7

where E;,(0) is the emissive power of the gas at the wall, differ-
ing from Ej, in the absence of conduction.

Dimensional Arguments
The upper bound of the attenuating thin gas approximation
can be deterifiined by comparing it with the exact radiative
heat flux. The exact flux for cases with negligible scattering,
obtained by Spiegel!? from a mathematical study, is

R

4nE,

= 7(1 -7 cot~'7) (28)

where 7= «pL is the optical thickness and L is a characteristic
length. A first-order representation of Eq. (18) by Arpaci'4
yields the Eddington approximation
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Fig. 1 Comparison of radiative heat fluxes.
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where 7z =vVw, 7. For 7—0, g®/44E}, ~ 7, which is the classical
thin gas or emission-dominated limit. For 7— o0, Eqs. (28) and
(29) reduce to the thick gas limit, g®/4nE, ~1/3w,7. For
steady one-dimensional pure radiation, the energy balance re-
duces to

dad _
dx
which, from Eq. (25), gives
Ep — Epa = 63 (Epw —Esu)e e (30)

For steady one-dimensional radiation and conduction, Eq.
(30) continues to be valid outside of the conductive boundary
layer. Accordingly, the emissive power decays exponentially
with optical thickness; that is, Ej, — Eje, ~ exp(—V375) and the
first order representation of Eq. (25) results in

R
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The preceding expressions are plotted as a function of opti-
cal thickness in Fig. 1 for cases with negligible scattering
(7 =7). The attenuating thin gas flux follows the exact flux
more closely than the flux associated with the Eddington ap-
proximation, because the former uses the Eddington approxi-
mation only in the attenuation term. Ref. 14 shows that a
maximum of 29% difference exists in the neighborhood of
7=0.4 between the Eddington approximation and the exact
representation. The error between the attenuating thin gas flux
and the exact flux does not reach 29% until about 7=1. In the
thick optical range 7> 1, the quantitative difference between
the present model and the exact flux is due to the appreciable
effect of ‘‘radiative diffusion,” which is neglected from the
emission component in the model.
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